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CERTAIN FRACTIONAL KINETIC EQUATIONS INVOLVING
GENERALIZED K-BESSEL FUNCTION
PRAVEEN AGARWAL, SHILPI JAIN, ABDON ATANGANA, MEHAR CHAND AND GURMEJ
SINGH
Abstract. We develop a new and further generalized form of the fractional kinetic
equation involving generalized k-Bessel function. The manifold generality of the gen-
eralized k-Bessel function is discussed in terms of the solution of the fractional kinetic
equation in the present paper. The results obtained here are quite general in nature
and capable of yielding a very large number of known and (presumably) new results.
1. Introduction and Preliminaries
In recent years, unified integrals involving Special functions attract the attention of
the many researchers due to various application point of view(see, [24, 7]). In the sequel,
Diaz and Pariguan [8] introduced the k-Pochhemmer symbol and k-gamma function
defined as follows:
(λ)n,k :=


Γk(γ + nk)
Γk(γ)
(k ∈ R; γ ∈ C \ {0})
γ(γ + k)...(γ + (n− 1)k) (n ∈ N; γ ∈ C),
(1.1)
They gave the relation with the classical Euler’s gamma function(see[2, 23]) as:
Γk(γ) = k
γ
k
−1Γ
(γ
k
)
(1.2)
Clearly, for k = 1, (1.1) reduces to the classical Pochhemmer symbol and Euler’s
gamma function, respectively (see[17])
Recently ,Romero et. al.[23] (see, also[1]) introduced the k-Bessel function of the first
kind for α, λ, γ, ν ∈ C and ℜ(λ) > 0,ℜ(ν) > 0 as follows:
J
(γ),(λ)
k,ν (z) =
∞∑
n=0
(λ)n,k
Γk(λn+ ν + 1)
(−1)n
(
z
2
)n
(n!)2
(1.3)
The Fox-Wright function pψq(z) with p numerator and q denominators, such that
ai, bj ∈ C(i = 1, ..., p; j = 1, ..., q) is defined by (see, for detail[11]):
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pψq(z) = pψq
[
(ai, αi)1,p
(bj , βj)1,q
∣∣∣∣ z
]
=
∞∑
n=0
∏p
i=1 Γ(ai + αin)∏q
j=1 Γ(bj + βJn)
zn
n!
(1.4)
under the condition
q∑
j=1
βj −
p∑
i=1
αi > −1 (1.5)
In particular, when ai = bj = 1(i = 1, ..., p; j = 1, ..., q), immediate reduces to the
generalized hypergeometric function pFq(p, q ∈ N0) (see, for details[6]):
pψq(z) = pψq
[
(ai, 1)1,p
(bj , 1)1,q
∣∣∣∣ z
]
=
∏p
i=1 Γ(ai)∏q
j=1 Γ(bj)
pFq
[
a1, ..., ap;
b1, ..., bq ;
z
]
(1.6)
In terms of the k-Pochhamer symbol (γ)n,k defined by (1.1), we introduce more gen-
eralized form of k-Bessel function ωγ,λk,ν,b,c(z) as follows:
ωγ,λk,ν,b,c(z) =
∞∑
n=0
(−1)ncn(γ)n,k
Γk(ν + λn+
b+1
2 )
(
z
2
)ν+2n
(n!)2
(1.7)
where α, λ, γ, ν, c, b ∈ C and ℜ(λ) > 0,ℜ(ν) > 0.
The importance of fractional differential equations in the field of applied science has
gained more attention not only in mathematics but also in physics, dynamical systems,
control systems and engineering, to create the mathematical model of many physical
phenomena. Especially, the kinetic equations describe the continuity of motion of sub-
stance. The extension and generalization of fractional kinetic equations involving many
fractional operators were found [26, 20, 13, 21, 22, 23, 24, 7, 9, 5, 6, 12, 14, 2].
In view of the effectiveness and a great importance of the kinetic equation in certain
astrophysical problems the authors develop a further generalized form of the fractional
kinetic equation involving generalized k-Bessel function.
The fractional differential equation between rate of change of the reaction was es-
tablished by Haubold and Mathai[13], the destruction rate and the production rate are
given as follows:
dN
dt
= −d(Nt) + p(Nt), (1.8)
where N = N(t) the rate of reaction, d = d(N) the rate of destruction, p = p(N) the
rate of production and Nt denotes the function defined by Nt(t
∗) = N(t− t∗), t∗ > 0
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The special case of (1.8) for spatial fluctuations and inhomogeneities in N(t) the
quantities are neglected , that is the equation
dN
dt
= −ciNi(t), (1.9)
with the initial condition that Ni(t = 0) = N0 is the number density of the species i
at time t = 0 and ci > 0. If we remove the index i and integrate the standard kinetic
equation (1.9), we have
N(t)−N0 = −c0D
−1
t N(t) (1.10)
where 0D
−1
t is the special case of the Riemann-Liouville integral operator 0D
−ν
t defined
as
0D
−ν
t f(t) =
1
Γ(ν)
∫ t
0
(t− s)ν−1 f(s)ds, (t > 0, R(ν) > 0) (1.11)
The fractional generalization of the standard kinetic equation(1.10) is given by Haubold
and Mathai[13] as follows:
N(t)−N0 = −c
ν
0D
−1
t N(t) (1.12)
and obtained the solution of (1.12) as follows:
N(t) = N0
∞∑
k=0
(−1)k
Γ (νk + 1)
(ct)νk (1.13)
Further, [24] considered the the following fractional kinetic equation:
N(t)−N0f(t) = −c
ν
0D
−ν
t N(t), (ℜ(v) > 0), (1.14)
where N(t) denotes the number density of a given species at time t, N0 = N(0) is the
number density of that species at time t = 0, c is a constant and f ∈ L(0,∞).
By applying the Laplace transform to (1.14) (see[14]),
L {N(t); p} = N0
F (p)
1 + cνp−ν
= N0
(
∞∑
n=0
(−cν)np−νn
)
F (p),
(
n ∈ N0,
∣∣∣∣ cp
∣∣∣∣ < 1
) (1.15)
where the Laplace transform [15] is given by
F (p) = L {N(t); p} =
∫
∞
0
e−ptf(t)dt, (R(p) > 0). (1.16)
4 P. AGARWAL, S. JAIN, A. ATANGANA, M. CHAND AND G. SINGH
The objective of this paper is to derive the solution of the fractional kinetic equation
involving generalized k-Bessel function. The results obtained in terms of Mittag-Leffler
function are rather general in nature and can easily construct various known and new
fractional kinetic equations.
2. Solution of generalized fractional kinetic equations
In this section, we will investigate the solution of the generalized fractional kinetic
equations by considering generalized k-Bessel function. The results are as follows.
Theorem 1. If d > 0, ν > 0, λ, γ, µ, c, b ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0 then the
solution of the equation
N(t)−N0ω
γ,λ
k,µ,b,c(t) = −d
ν
0D
−ν
t N(t) (2.1)
is given by the following formula
N(t) = N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ+ λn+
b+1
2 )
Γ(µ + 2n+ 1)
(n!)2
(
t
2
)µ+2n
Eν, µ+2n+1(−d
νtν), (2.2)
where the generalized Mittag-Leffler function Eα,β(x) is given by [16]
Eα,β(x) =
∞∑
n=0
(x)n
Γ (αn+ β)
. (2.3)
Proof: the Laplace transform of Riemann-Liouville fractional integral operator is given
by [10] [25]
L
{
0D
−ν
t f(t); p
}
= p−νF (p) (2.4)
where F (p) is defined in (1.16).Now ,applying the Laplace transform to the both sides
of (2.1) gives
L {N(t); p} = N0L
{
ωγ,λk,µ,b,c(t); p
}
− dνL
{
0D
−ν
t N(t); p
}
(2.5)
N(p) = N0
(∫
∞
0
e−pt
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ + λn+
b+1
2 )
1
(n!)2
(
t
2
)µ+2n
dt
)
− dνp−νN(p)
(2.6)
N(p) + dνp−νN(p) = N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ + λn+
b+1
2 )
1
(n!)2
(
1
2
)µ+2n
×
∫
∞
0
e−pttµ+2ndt
(2.7)
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= N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ+ λn+
b+1
2 )
1
(n!)2
(
1
2
)µ+2n
×
Γ(µ + 2n+ 1)
pµ+2n+1
(2.8)
N(p) = N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ+ λn+
b+1
2 )
Γ(µ+ 2n + 1)
(n!)2
(
1
2
)µ+2n
×
{
p−(µ+2n+1)
∞∑
r=0
[
−
(p
d
)
−ν
]r} (2.9)
Taking Laplace inverse of (2.9),and by using
L−1
{
p−ν ; t
}
=
tν−1
Γ(ν)
, (R(ν) > 0) (2.10)
we have
L−1 {N(p)} = N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ+ λn+
b+1
2 )
Γ(µ + 2n + 1)
(n!)2
(
1
2
)µ+2n
× L−1
{
∞∑
r=0
(−1)rdνrp−(µ+2n+1+νr)
} (2.11)
N(t) = N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ + λn+
b+1
2 )
Γ(µ+ 2n+ 1)
(n!)2
(
1
2
)µ+2n
×
{
∞∑
r=0
(−1)rdνr
t(µ+2n+νr)
Γ (µ+ 2n+ νr + 1)
} (2.12)
= N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ+ λn+
b+1
2 )
Γ(µ+ 2n+ 1)
(n!)2
(
t
2
)µ+2n
×
{
∞∑
r=0
(−1)rdνr
t(νr)
Γ (µ+ 2n + νr + 1)
} (2.13)
N(t) = N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ + λn+
b+1
2 )
Γ(µ+ 2n+ 1)
(n!)2
(
t
2
)µ+2n
Eν,µ+2n+1(−d
νtν) (2.14)
Theorem 2. If d > 0, ν > 0, λ, γ, µ, c, b ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0 then the
solution of the equation
N(t) = N0ω
γ,λ
k,µ,b,c(d
νtν)− dν0D
−ν
t N(t) (2.15)
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is given by the following formula
N(t) = N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ+ λn+
b+1
2 )
Γ(ν(µ+ 2n) + 1)
(n!)2
(
dνtν
2
)µ+2n
×Eν, ν(µ+2n)+1(−d
νtν),
(2.16)
where Eν,ν(µ+2n)+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
Theorem 3. If a > 0, d > 0, ν > 0; a 6= d;λ, γ, µ, c, b ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0
then the solution of the equation
N(t) = N0ω
γ,λ
k,µ,b,c(d
νtν)− aν0D
−ν
t N(t) (2.17)
is given by the following formula
N(t) = N0
∞∑
n=0
(−1)ncn(γ)n,k
Γk(µ+ λn+
b+1
2 )
Γ(ν(µ+ 2n) + 1)
(n!)2
(
dνtν
2
)µ+2n
×Eν, ν(µ+2n)+1(−a
νtν),
(2.18)
where Eν,ν(µ+2n)+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
Proof: The proof of theorem 2 and 3 would run parallel to those of theorem 1.
3. Special Cases
If we choose b = c = 1 then generalized k-Bessel function reduced to the following
form:
ωγ,λk,µ,1,1(z) =
(z
2
)µ ∞∑
n=0
(−1)n(γ)n,k
Γk(λn+ µ+ 1)
(
z2
4
)n
(n!)2
=
(z
2
)µ
J
(γ),(λ)
k,µ
(
z2
2
)
, (3.1)
where λ, γ, µ,∈ C and ℜ(λ) > 0,ℜ(µ) > 0.
Then the Theorems 1, 2 and 3 reduced to the following the form:
Corollary 1. If d > 0, ν > 0, λ, γ, µ ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0 then the
solution of the equation
N(t)−N0
(
t
2
)µ
J
(γ),(λ)
k,µ
(
t2
2
)
= −dν0D
−ν
t N(t) (3.2)
is given by the following formula
N(t) = N0
∞∑
n=0
(−1)n(γ)n,k
Γk(µ + λn+ 1)
Γ(µ+ 2n+ 1)
(n!)2
(
t
2
)µ+2n
Eν, µ+2n+1(−d
νtν), (3.3)
where Eν,µ+2n+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
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Corollary 2. If d > 0, ν > 0, λ, γ, µ ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0 then the
solution of the equation
N(t) = N0
(
dνtν
2
)µ
J
(γ),(λ)
k,µ
(
(dνtν)2
2
)
− dν0D
−ν
t N(t) (3.4)
is given by the following formula
N(t) = N0
∞∑
n=0
(−1)n(γ)n,k
Γk(µ+ λn+ 1)
Γ(ν(µ+ 2n) + 1)
(n!)2
(
dνtν
2
)µ+2n
× Eν, ν(µ+2n)+1(−d
νtν),
(3.5)
where Eν,ν(µ+2n)+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
Corollary 3. If a > 0, d > 0, ν > 0; a 6= d;λ, γ, µ ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0
then the solution of the equation
N(t) = N0
(
dνtν
2
)µ
J
(γ),(λ)
k,µ
(
(dνtν)2
2
)
− aν0D
−ν
t N(t) (3.6)
is given by the following formula
N(t) = N0
∞∑
n=0
(−1)n(γ)n,k
Γk(µ+ λn+ 1)
Γ(ν(µ+ 2n) + 1)
(n!)2
(
dνtν
2
)µ+2n
× Eν, ν(µ+2n)+1(−a
νtν),
(3.7)
where Eν,ν(µ+2n)+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
If we choose b = −1, c = 1 then generalized k-Bessel function reduced to the k-Wright
function [18] associated with the following relation:
ωγ,λk,µ,−1,1(z) =
(z
2
)µ ∞∑
n=0
(−1)n(γ)n,k
Γk(λn+ µ)
(
z2
4
)n
(n!)2
=
(z
2
)µ
W γk,λ,µ
(
−z2
2
)
(3.8)
where λ, γ, µ,∈ C and ℜ(λ) > 0,ℜ(µ) > 0.
Then the Theorems 1, 2 and 3 reduced to the following the form:
Corollary 4. If d > 0, ν > 0, λ, γ, µ ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0 then the
solution of the equation
N(t)−N0
(
t
2
)µ
W γk,λ,µ
(
−t2
2
)
= −dν0D
−ν
t N(t) (3.9)
is given by the following formula
N(t) = N0
∞∑
n=0
(−1)n(γ)n,k
Γk(µ + λn+ 1)
Γ(µ+ 2n+ 1)
(n!)2
(
t
2
)µ+2n
Eν, µ+2n+1(−d
νtν), (3.10)
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where Eν,µ+2n+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
Corollary 5. If d > 0, ν > 0, λ, γ, µ ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0 then the
solution of the equation
N(t) = N0
(
dνtν
2
)µ
W γk,λ,µ
(
−(dνtν)2
2
)
− dν0D
−ν
t N(t) (3.11)
is given by the following formula
N(t) = N0
∞∑
n=0
(−1)n(γ)n,k
Γk(µ+ λn+ 1)
Γ(ν(µ+ 2n) + 1)
(n!)2
(
dνtν
2
)µ+2n
× Eν, ν(µ+2n)+1(−d
νtν),
(3.12)
where Eν,ν(µ+2n)+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
Corollary 6. If a > 0, d > 0, ν > 0; a 6= d;λ, γ, µ ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0
then the solution of the equation
N(t) = N0
(
dνtν
2
)µ
W γk,λ,µ
(
−
(dνtν)2
2
)
− aν0D
−ν
t N(t) (3.13)
is given by the following formula
N(t) = N0
∞∑
n=0
(−1)n(γ)n,k
Γk(µ+ λn+ 1)
Γ(ν(µ+ 2n) + 1)
(n!)2
(
dνtν
2
)µ+2n
× Eν, ν(µ+2n)+1(−a
νtν),
(3.14)
where Eν,ν(µ+2n)+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
By applying the results in equations (1.1) and (??), after little simplification the
Theorems 1, 2 and 3 reduced to the following form:
Corollary 7. If d > 0, ν > 0, λ, γ, µ, c, b ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0 then the
solution of the equation
N(t)−N0
k1−µ/k−(b+1)/2k
Γ(γ/k)
1ψ2
[
(γ/k, 1);
(µ/k + (b+ 1)/k, λ/k), (1, 1);
t
]
= −dν0D
−ν
t N(t)
(3.15)
is given by the following formula
N(t) = N0
k1−µ/k−(b+1)/2k
Γ(γ/k)
∞∑
n=0
(−ckλ/k−1)n
Γ(µ/k + λn/k + b+12k )
Γ(µ+ 2n+ 1)
(n!)2
×
(
t
2
)µ+2n
Eν, µ+2n+1(−d
νtν),
(3.16)
where Eν,µ+2n+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
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Corollary 8. If d > 0, ν > 0, λ, γ, µ, c, b ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0 then the
solution of the equation
N(t) = N0
k1−µ/k−(b+1)/2k
Γ(γ/k)
1ψ2
[
(γ/k, 1);
(µ/k + (b+ 1)/k, λ/k), (1, 1);
dνtν
]
− dν0D
−ν
t N(t)
(3.17)
is given by the following formula
N(t) = N0
k1−µ/k−(b+1)/2k
Γ(γ/k)
∞∑
n=0
(−ckλ/k−1)n
Γ(µ/k + λn/k + b+12k )
Γ(ν(µ+ 2n) + 1)
(n!)2
(
dνtν
2
)µ+2n
× Eν, ν(µ+2n)+1(−d
νtν),
(3.18)
where Eν,ν(µ+2n)+1(.) is the generalized Mittag-Leffler function defined in equation (2.3).
Corollary 9. If a > 0, d > 0, ν > 0; a 6= d;λ, γ, µ, c, b ∈ C, k ∈ N and ℜ(λ) > 0,ℜ(µ) > 0
then the solution of the equation
N(t) = N0
k1−µ/k−(b+1)/2k
Γ(γ/k)
1ψ2
[
(γ/k, 1);
(µ/k + (b+ 1)/k, λ/k), (1, 1);
dνtν
]
− aν0D
−ν
t N(t)
(3.19)
is given by the following formula
N(t) = N0
k1−µ/k−(b+1)/2k
Γ(γ/k)
∞∑
n=0
(−ckλ/k−1)n
Γ(µ/k + λn/k + b+12k )
Γ(ν(µ + 2n) + 1)
(n!)2
×
(
dνtν
2
)µ+2n
Eν, ν(µ+2n)+1(−a
νtν),
(3.20)
where Eν,ν(µ+2n)+1(.) is the generalized Mittag-Leffler function defined in equation
(2.3).
4. Graphical Interpretation
In this section we plot the graphs of main results established in equation (2.2), (2.16)
and (2.18). Graphs of the solution of the equation (2.2) are depicted below for some
parameter values i.e. N0 = c = k = 2; b = d = 3;µ = ν = γ = 1;λ = 1, 1.25, 1.5, 1.75, 2
in Fig. 1, Fig. 2 and Fig. 3 for time interval t = 0 : 1, t = 0 : 2 and t = 0 : 3
respectively; graphs of the solution of the equation (2.16) are depicted below for some
parameter values i.e. N0 = c = k = 2; b = d = 3;µ = ν = γ = 1;λ = 1, 1.25, 1.5, 1.75, 2
in Fig. 4 and Fig. 5 for time interval t = 0 : .05 and t = 0 : .06 respectively. graphs of
of the solution of the equation (2.18) are depicted below for some parameter values i.e.
N0 = c = k = 2; b = d = 3; a = µ = ν = γ = 1;λ = 1, 1.25, 1.5, 1.75, 2 in Fig. 6 and
Fig. 7 for time interval t = 0 : .05 and t = 0 : .06 respectively. It is clear from these
figures that N(t) > 0 and the behavior of the solutions for different parameters and time
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interval can be studied and observed very easily. It is also observed that if we select
a = d in equations (2.16) and (2.18) give the identical solutions as we select in figures 4,
5, 6 and 7. Figures 4 and 6; 5 and 7 represents the identical solutions.
5. Conclusion
In this work we give a new fractional generalization of the standard kinetic equation
and derived solution for the same. From the close relationship of the k-Bessel function
with many special functions, we can easily construct various known and new fractional
kinetic equations.
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